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INTEGRAL CURVATURE BOUNDS AND DIAMETER
ESTIMATES ON FINSLER MANIFOLDS
WEI ZHAO
Abstract. In this paper, we study the integral curvatures of Finsler manifolds
and prove several Myers type theorems.
1. Introduction
The Myers theorem is one of the earliest and most fundamental theorems relat-
ing geometry to topology and moreover, it also has a close connection with general
relativity (cf. [6, 11]). In Finsler geometry, the Myers theorem states that if a
forward complete Finsler n-manifold with Ric ≥ (n− 1)K > 0, then M is compact
with diam(M) ≤ pi/√K (cf. [5, 22]). There have been several subsequent general-
izations of this result, among which Ohta [16] proved diam(M) ≤ pi√(N − 1)/K
if RicN ≥ K > 0, while Yin [28] obtained similar compactness results under
Ric∞ ≥ (n − 1)K > 0 and additional assumptions on non-Romanian quantities.
These results rely on uniformly positive (lower) curvature bounds.
Note that a Riemannian manifold is a special Finsler manifold. And the works of
Ambrose, Calabi, Avez, Markvorsen, Galloway, Cheeger-Gromov-Taylor, Itokawa,
Wu, Rosenberg-Yang, Sprouse and Petersen-Sprouse imply that a Riemannian man-
ifold could be compact if the Ricci curvature is negative in some small places (see
[3, 7, 4, 15, 12, 9, 14, 27, 20, 21, 17]). Thus, it is natural to ask whether this is still
true in Finsler geometry.
As far as we know, the first attempt is made by Wu [25], in which one assumes
positivity for the integral of the Ricci curvature along all geodesics. Inspired by
[17, 18, 19, 21], we introduce a weaker integral bound for the Ricci curvature and
also give an affirmative answer in this paper.
More precisely, let (M,F ) be a forward complete Finsler manifold endowed with
either the Busemann-Hausdorff measure or the Holmes-Thompson measure dm. Let
ΛF denote the uniformity constant (cf. [10]). Given q ≥ 1, K > 0 and R > 0, set
Kdm(q,K,R) := sup
x∈M
(
1
m(B+x (R))
∫
B+x (R)
((n− 1)K −Ric)q+dm
)
,
where (·)+ := max{·, 0} and Ric(x) := miny∈TxM\{0}Ric(y)/F 2(y). Obviously,
Kdm(q,K,R) is a kind of Lq-Ricci curvature norm. In particular, Kdm(q,K,R) = 0
if and only if Ric ≥ (n− 1)K. And Kdm(q,K,R) is exactly the integral curvature
introduced in [18, 19] if F is Riemannian. Now we obtain the following Myers type
theorem by assuming that Kdm(q,K,R) is small (instead of the positivity of the
Ricci curvature).
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2 WEI ZHAO
Theorem 1.1. Given any n > 1, q ≥ 1, k ∈ R, K > 0, R > 0 and δ ≥ 1, for each
ρ > 0, there exists an ε = ε(n, q, k,K, δ,R, ρ) > 0 such that every forward complete
Finsler n-manifold (M,F, dm) with
Ric ≥ −(n− 1)k2, ΛF ≤ δ2, Kdm(q,K,R) < ε
must satisfy
diam(M) ≤ pi√
K
+ ρ.
In particular, the universal covering M˜ is compact and hence, pi1(M) is finite.
Moreover, if additionally suppose that F is Berwaldian and q > n/2, then we
still have
diam(M) ≤ δ2
(
pi√
K
+ ρ
)
without assuming Ric ≥ −(n− 1)k2.
2. Preliminaries
In this section, we recall some definitions and properties about Finsler manifolds.
See [5, 22] for more details.
2.1. Finsler manifolds. A Finsler n-manifold (M,F ) is an n-dimensional differ-
ential manifold M equipped with a Finsler metric F which is a nonnegative function
on TM satisfying the following two conditions:
(1) F is positively homogeneous, i.e., F (λy) = λF (y), for any λ > 0 and y ∈ TM ;
(2) F is smooth on TM\{0} and the Hessian 12 [F 2]yiyj (x, y) is positive definite,
where F (x, y) := F (yi ∂∂xi |x).
Let pi : PM →M and pi∗TM be the projective sphere bundle and the pullback
bundle, respectively. Then a Finsler metric F induces a natural Riemannian metric
g = gij(x, [y]) dx
i⊗dxj , which is the so-called fundamental tensor, on pi∗TM , where
gij(x, [y]) :=
1
2
∂2F 2(x, y)
∂yi∂yj
, dxi = pi∗dxi.
Egloff [10] introduced the the uniformity constant ΛF to describe the inner prod-
ucts induced by gy. More precisely, set
ΛF := sup
X,Y,Z∈SM
gX(Y, Y )
gZ(Y, Y )
,
where SxM := {y ∈ TxM : F (x, y) = 1} and SM := ∪x∈MSxM . Clearly, ΛF ≥ 1
with equality if and only if F is Riemannian.
The average Riemannian metric gˆ induced by F is defined by
gˆ(X,Y ) :=
1
ν(SxM)
∫
SxM
gy(X,Y )dνx(y), ∀X,Y ∈ TxM,
where ν(SxM) =
∫
SxM
dνx(y), and dνx is the Riemannian volume form of SxM
induced by F . It is noticeable that
(2.1) Λ−1F · F 2(X) ≤ gˆ(X,X) ≤ ΛF · F 2(X),
with equality if and only if F is Riemannian.
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2.2. Curvatures. Let (x, y) = (xi, yi) be local homogenous coordinates for PM .
Define
`i :=
yi
F
, gij(x, y) :=
1
2
∂2F 2(x, y)
∂yi∂yj
, Aijk(x, y) :=
F
4
∂3F 2(x, y)
∂yi∂yj∂yk
,
γijk :=
1
2
gil
(
∂gjl
∂xk
+
∂gkl
∂xj
− ∂gjk
∂xl
)
, N ij :=
(
γijk`
j −Aijkγkrs`r`s
) · F.
The Chern connection ∇ is defined on the pulled-back bundle pi∗TM and its forms
are characterized by the following structure equations:
(1) Torsion freeness: dxj ∧ ωij = 0;
(2) Almost g-compatibility: dgij − gkjωki − gikωkj = 2AijkF (dyk +Nkl dxl).
From above, it’s easy to obtain ωij = Γ
i
jkdx
k, and Γijk = Γ
i
kj . In particular, F is
called a Berwald metric if ∂Γikj/∂y
s = 0.
The curvature form of the Chern connection is defined as
Ωij := dω
i
j − ωkj ∧ ωik =:
1
2
Rij kldx
k ∧ dxl + P ij kldxk ∧
dyl +N lsdx
s
F
.
Given a non-zero vector V ∈ TxM , the flag curvature K(y, V ) on (x, y) ∈ TM\0 is
defined as
K(y, V ) :=
V iyjRjikl(y)y
lV k
gy(y, y)gy(V, V )− [gy(y, V )]2 ,
where Rjikl := gisR
s
j kl. The Ricci curvature of y ∈ SM is defined by
Ric(y) :=
∑
i
K(y, ei),
where e1, . . . , en is a gy-orthonormal base on (x, y) ∈ TM\0. We also use the
notation
Ric(x) := min
y∈SxM
Ric(y).
2.3. Geodesics. Let γ : [0, 1]→ M be a Lipschitz continuity path. The length of
γ is defined by
LF (γ) :=
∫ 1
0
F (γ˙(t))dt.
Define the distance function d : M ×M → [0,+∞) by d(p, q) := inf LF (γ), where
the infimum is taken over all Lipshitz continuous paths γ : [a, b]→M with γ(a) =
p and γ(b) = q. Generally speaking, d satisfies all axioms for a metric except
symmetry, i.e., d(p, q) 6= d(q, p), unless F is reversible.
Given R > 0, the forward and backward metric balls B+p (R) and B
−
p (R) are
defined by
B+p (R) := {x ∈M : d(p, x) < R}, B−p (R) := {x ∈M : d(x, p) < R}.
If F is reversible, forward metric balls coincide with backward ones.
A smooth curve γ(t) is called a (constant speed) geodesic if it satisfies
γ¨i + Γijk(γ˙)γ˙
j γ˙k = 0.
In the paper, we always to use γy(t) to denote the geodesic with γ˙y(0) = y. Note
that the reverse of a geodesic is usually not a geodesic unless F is reversible.
Given y ∈ SpM , the cut value iy of y is defined by
iy := sup{r : γy(t), 0 ≤ t ≤ r is globally minimizing}.
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The injectivity radius at p is defined as ip := infy∈SpM iy, whereas the cut locus of
p is
Cutp :=
{
expp(iy · y) : y ∈ SpM with iy <∞
}
.
It should be remarked that Cutp is closed and null Lebesgue measure.
2.4. Measures. There is only one reasonable notion of the measure for Riemannian
manifolds. However, the measures on a Finsler manifold can be defined in various
ways, since the determinant of the fundamental tensor depends on the direction of
y. There are two measures used frequently in Finsler geometry, which are the so-
called Busemann-Hausdorff measure dmBH and Holmes-Thompson measure dmHT .
They are defined by
dmBH :=
vol(Bn)
vol(BxM)
dx1 ∧ · · · ∧ dxn,
dmHT :=
(
1
vol(Bn)
∫
BxM
det gij(x, y)dy
1 ∧ · · · ∧ dyn
)
dx1 ∧ · · · ∧ dxn,
where BxM := {y ∈ TxM : F (x, y) < 1}. Each of them becomes the canonical Rie-
mannian measure if F is Riemannian. However, their properties are different. Even
in the reversible case, dmBH ≤ dmHT with equality if and only if F is Riemannian
(cf. [1]).
Let dm be a measure on M . In a local coordinate system (xi), express dm =
σ(x)dx1 ∧ · · · ∧ dxn. Define the distortion of (M,F, dm) as
τ(y) := log
√
det gij(x, y)
σ(x)
, for y ∈ TxM\{0}.
And the S-curvature S is defined by
S(y) :=
d
dt
[τ(γ˙y(t))]|t=0.
It is easy to see both the distortion and the S-curvature vanish in the Riemannian
case. According to [22, 31], the S-curvatures of dmBH and dmHT always vanish
when F is Berwaldian. The following result is useful in this paper (cf. [29, Lemma
2.1]).
Proposition 2.1. Let (M,F ) be a Finsler n-manifold with ΛF ≤ δ2. Then we
have δ−2n ≤ eτ ≤ δ2n, where τ is the distortion of either the Busemann-Hausdorff
measure or the Holmes-Thompson measure.
In the following, v(n, k, r) is used to denote the volume of r-ball in the space
form Mnk , i.e.,
v(n, k, r) := vol(Sn−1)
∫ r
0
sn−1k (t)dt.
3. Proof of Theorem 1.1
In the sequel, we use dm to denote either the Busemann-Hausdorff measure or
the Holmes-Thompson measure.
In order to prove Theorem 1.1, we need to generalize the so-called segment
inequality [8, Theorem 2.1] to the Finsler setting.
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Theorem 3.1. Let (M,F, dm) be a forward complete Finsler n-manifold with
ΛF ≤ δ2, Ric ≥ (n− 1)k.
Let Ai, i = 1, 2 be two bounded open subsets and let W be an open subset such that
for each two points xi ∈ Ai, i = 1, 2, the normal minimal geodesic γx1x2 from x1 to
x2 is contained in W . Thus, for any non-negative integrable function f on W , we
have ∫
A1×A2
(∫ d(x1,x2)
0
f(γx1x2(s))ds
)
dm×
≤C(n, δ, k,D) [m(A1) diam(A2) + m(A2) diam(A1)]
∫
W
fdm,
where dm× is the product measure induced by dm, D := supx1∈A1, x2∈A2 d(x1, x2)
and
C(n, k, δ,D) = δ4n sup
0< 12 r≤s≤r≤D
(
sk(r)
sk(s)
)n−1
.
Proof. Step 1. SetB := {(x1, x2) ∈ A1×A2 : there exists a unique minimal geodesic
from x1 to x2}. Since m×(B) = m×(A1×A2), in the following we view A1×A2 as
B. Let
E(x1, x2) :=
∫ d(x1,x2)
0
f(γx1x2(s))ds =
∫ d(x1,x2)
1
2d(x1,x2)
+
∫ 1
2d(x1,x2)
0
f(γx1x2(s))ds
=: E1(x1, x2) + E2(x1, x2).(3.1)
Given y ∈ Sx1M , set
I(x1, y) := {t : γy(t) ∈ A2, γy|[0,t] is minimal}.
Clearly, the length of I(x1, y) is not larger than diam(A2). Set
T (y) := sup{t : t ∈ I(x1, y)}.
Let (r, y) denote the polar coordinate system at x1. Since Ric ≥ (n − 1)k, the
volume comparison theorem (cf. [30, Theorem 3.4]) yields
eτ(s,y)σˆx1(s, y)
sn−1k (s)
≥ e
τ(r,y)σˆx1(r, y)
sn−1k (r)
, 0 < s ≤ r < iy,
which together with Proposition 2.1 yields∫
x2∈A2
E1(x1, x2)dm(x2) =
∫
Sx1M
dνx1(y)
∫
I(x1,y)
E1(x1, expx1(ry)) · σˆx1(r, y) dr
=
∫
Sx1M
dνx1(y)
∫
I(x1,y)
σˆx1(r, y)dr
∫ r
1
2 r
f(γx1 expx1 (ry)
(s))ds
≤C(n, k, δ,D)
∫
Sx1M
dνx1(y)
∫
I(x1,y)
dr
∫ r
1
2 r
f(γx1 expx1 (ry)
(s)) σˆx1(s, y)ds
≤C(n, k, δ,D) diam(A2)
∫
Sx1M
dνx1(y)
∫ T (y)
0
f(γx1 expx1 (ry)
(s)) σˆx1(s, y)ds
≤C(n, k, δ,D) diam(A2)
∫
W
fdm.
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Hence, we have
(3.2)
∫
A1×A2
E1(x1, x2)dm× ≤ C(n, k, δ,D) · diam(A2) ·m(A1)
∫
W
fdm.
Step 2. In this step, we estimate
E2(x1, x2) =
∫ 1
2d(x1,x2)
0
f(γx1x2(s))ds.
Let
←−
F (x, y) := F (x,−y) be the reverse metric (cf. [5, 16]). In the following, we
use←−∗ to denote the geometric quantity ∗ in (M,←−F ). Let cx2x1(s) be the reverse of
γx1x2 . Thus, cx2x1(s) is a normal minimal geodesic from x2 to x1 in (M,
←−
F ) with
the length
←−
d (x2, x1) = d(x1, x2). Hence,
E2(x1, x2) =
∫ 1
2d(x1,x2)
0
f(γx1x2(s))ds =
∫ ←−d (x2,x1)
1
2
←−
d (x2,x1)
f(cx2x1(s))ds =:
←−
E 1(x2, x1).
Note that
←−−
Ric ≥ (n− 1)k. The same argument as above yields∫
A2×A1
←−
E 1(x2, x1)d
←−m× ≤ C(n, k, δ,D) · ←−−−diam(A1) · ←−m(A2)
∫
W
fd←−m .
On the other hand, it is easy to check that d←−m = dm, ←−m(A2) = m(A2) and←−−−
diam(A1) = diam(A1), which implies
(3.3)
∫
A1×A2
E2(x1, x2)dm× ≤ C(n, k, δ,D) · diam(A1) ·m(A2)
∫
W
fdm.
Now we conclude the proof by (3.1)-(3.3). 
Remark 1. By the comparison theorem in [16], one can see that the theorem
above remains valid under a simpler assumption RicN ≥ (N − 1)k instead of
ΛF ≤ δ2, Ric ≥ (n− 1)k, in which case C(n, k, δ,D) is replaced by
C(N, k,D) := sup
0< 12 r≤s≤r≤D
(
sk(r)
sk(s)
)N−1
.
Let (M,F, dm) be an n-dimensional forward complete Finsler manifold. Given
q ≥ 1, K > 0 and R > 0, set
Kdm(q,K,R) := sup
x∈M
(
1
m(B+x (R))
∫
B+x (R)
((n− 1)K −Ric)q+dm
)
,
where (·)+ := max{·, 0}. Clearly, Kdm(q,K,R) is a kind of Lq-Ricci curvature
norm.
In [21], Sprouse proved some compactness theorems by L1-Ricci curvature bounds
in the Riemannnian case. Inspired by his work, we show the following result by the
Lq-norm (∀q ≥ 1).
Lemma 3.2. Given any n > 1, q ≥ 1, k ∈ R, K > 0 and δ ≥ 1, for each R >
pi/
√
K and each ρ ∈
(
0, 11+δ
(
R− pi√
K
))
, there exists ε = ε(n, q, k,K, δ,R, ρ) > 0
such that every forward complete Finsler n-manifold (M,F, dm) with
Ric ≥ −(n− 1)k2, ΛF ≤ δ2, Kdm(q,K,R) < ε
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must satisfy
diam(M) ≤ pi√
K
+ ρ.
Proof. Step 1. Fix a point p ∈M and set W = B+p (R). Choose any point p′ ∈W
with
(3.4)
pi√
K
+ δ(3 + 2δ)r < d(p, p′) < R− (2 + δ)r,
where r = ρ2(1+δ) is a fixed number.
Set A1 := B
+
p (r) and A2 := B
+
p′(r). By the triangle inequality, one can easily
show that A1, A2,W satisfy the conditions in Theorem 3.1. Thus, Theorem 3.1
yields ∫
A1×A2
(∫ d(x1,x2)
0
((n− 1)K −Ric)q+(γx1x2(s))ds
)
dm×
≤C(n, k, δ, R) · (1 + δ)r [m(A1) + m(A2)]
∫
W
((n− 1)K −Ric)q+dm.(3.5)
The volume comparison theorem (cf. [30, Remark 3.5]) together with Proposition
2.1 yields
m(A1)
m(W )
≥ δ−4n v(n,−k
2, r)
v(n,−k2, R) ,
m(A2)
m(B+p′((1 + δ)R))
≥ δ−4n v(n,−k
2, r)
v(n,−k2, (1 + δ)R) .
Since m(B+p′((1 + δ)R)) ≥ m(W ), (3.5) together with the above inequalities implies
inf
(x1,x2)∈A1×A2
∫ d(x1,x2)
0
((n− 1)K −Ric)q+(γx1x2(s))ds
≤C(n, k, δ, R) · (1 + δ)r ·
(
1
m(A1)
+
1
m(A2)
)∫
W
((n− 1)K −Ric)q+dm
≤C(n, k, δ, R, ρ) · 1
m(W )
∫
W
((n− 1)K −Ric)q+dm
≤C(n, k, δ, R, ρ) · Kdm(q,K,R),
where
C(n, k, δ, R, ρ) := 2δ4n · C(n, k, δ, R) · (1 + δ)r · v(n,−k
2, (1 + δ)R)
v(n,−k2, r) .
Since A1 ×A2 is compact, there exist two points x˜i ∈ Ai, i = 1, 2 such that the
normal minimal geodesic γx˜1x˜2(t) satisfies∫ d(x˜1,x˜2)
0
((n− 1)K −Ric)q+(γx˜1x˜2(s))ds
= inf
(x1,x2)∈A1×A2
∫ d(x1,x2)
0
((n− 1)K −Ric)q+(γx1x2(s))ds
≤C(n, k, δ, R, ρ) · Kdm(q,K,R) < C(n, k, δ, R, ρ) · ε,(3.6)
where ε will be chosen in the sequel.
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Step 2. Set L :=
√
K d(x˜1, x˜2). Let T := γ˙x˜1x˜2 and {E1(t), . . . , En−1(t), T} be a
gT -orthonormal parallel frame field along γx˜1x˜2 . Set
Yα(t) := sin
(
pi
√
K
L
t
)
· Eα(t), α = 1, . . . , n− 1.
Let Cα(t, s) be the fixed-endpoint variation of curves corresponding to Yα (i.e.,
Yα(t) = (∂sCα)(t, 0)) and Lα(s) be the length of Cα(·, s). Then we have∑
α
d2
ds2
∣∣∣∣
t=0
Lα =
∑
α
∫ L√
K
0
gT (∇TYα,∇TYα) +RT (T, Yα, T, Yα) dt
=− (n− 1)L
√
K
2
(
1−
(pi
L
)2)
+ ∆,(3.7)
where
∆ :=
∫ L√
K
0
sin2
(
pi
√
K
L
t
)
[(n− 1)K −Ric(T )] dt.
Now using the Ho¨lder inequality and (3.6), one gets
∆ ≤
∫ L√
K
0
sin2
(
pi
√
K
L
t
)
((n− 1)K −Ric(T ))+ dt
≤
(∫ L√
K
0
sin
2q
q−1
(
pi
√
Kt
L
)
dt
)1− 1q (∫ L√
K
0
((n− 1)K −Ric(T ))q+ dt
) 1
q
=C(q, n, k,K, δ,R, ρ) · L1−1/q · ε 1q ,(3.8)
where C(q, n, k,K, δ,R, ρ) := C(n, k, δ, R, ρ)
1
q ·K 1−q2q .
Step 3. Now we claim L ≤ pi+ ρ2
√
K, if ε is small enough. Suppose by contradiction
that L > pi + ρ2
√
K for any ε > 0. We consider some ε > 0 with
ε ≤
 (n− 1)
√
K
(
1−
(
pi
pi+ ρ2
√
K
)2)
2 · C(q, n, k,K, δ,R, ρ)

q
·
(
pi +
ρ
2
√
K
)
=: 1.
It follows from (3.7) and (3.8) that∑
α
d2
ds2
∣∣∣∣
t=0
Lα = − (n− 1)L
√
K
2
(
1−
(pi
L
)2)
+ ∆ < 0,
which is a contradiction, since γ is a minimal geodesic. Hence, the claim is true
and then the triangle inequality implies that
d(p, p′) ≤ d(p, x˜1) + d(x˜1, x˜2) + d(x˜2, p′) ≤ (1 + δ)r + L√
K
<
pi√
K
+ ρ.
Recall that p′ is an arbitrary point satisfying (3.4) and hence,
B+p (R− (2 + δ)r) ⊂ B+p
(
pi√
K
+ ρ
)
.
INTEGRAL CURVATURE BOUNDS AND DIAMETER ESTIMATES ON FINSLER MANIFOLDS9
However, it is easy to check that
R− (2 + δ)r > pi√
K
+ ρ =⇒M = B+p
(
pi√
K
+ ρ
)
.
In particular, M is compact.
Step 4. Now we estimate diam(M). Since M is compact, we can suppose that
there exist two points p, p′ ∈M such that
D := diam(M) = d(p, p′) >
1
1 + δ
(
pi√
K
+ ρ
)
.
Otherwise, we are done. Fix a number r with
0 < r < min
{
1
(1 + δ)2
(
pi√
K
+ ρ
)
,
ρ
2(1 + δ)
}
and set
R0 :=
pi√
K
+ ρ, A1 := B
+
p (r), A2 := B
+
p′(r), W := M = B
+
p (R0) = B
+
p (R).
Since D < (1+δ)R0, the same argument as above (see (3.6)) yields that there exist
two points x˜i ∈ Ai, i = 1, 2 with∫ d(x˜1,x˜2)
0
((n− 1)K −Ric)q+(γx˜1x˜2(s))ds
= inf
(x1,x2)∈A1×A2
∫ d(x1,x2)
0
((n− 1)K −Ric)q+(γx1x2(s))ds
≤C(n, k, δ, R0, ρ) · 1
m(B+p (R))
∫
B+p (R)
((n− 1)K −Ric)q+dm
<C(n, k, δ, R0, ρ) · ε.
Set L :=
√
K d(x˜1, x˜2). Using the same arguments in Step 2-3, one can show that
if
ε ≤
 (n− 1)
√
K
(
1−
(
pi
pi+ ρ2
√
K
)2)
2 · C(q, n, k,K, δ,R0, ρ)

q
·
(
pi +
ρ
2
√
K
)
=: 2,
then L ≤ pi + ρ2
√
K. Now, one gets
D = d(p, p′) ≤ d(p, x˜1) + d(x˜1, x˜2) + d(x˜2, p′) < L√
K
+ (1 + δ)r ≤ pi√
K
+ ρ.
Now we conclude the proof by choosing ε := min{1, 2}. 
We now recall the definition and properties of fundamental domain. See [13] for
more details. Let f : M˜ → M be a covering with deck transformation group Γ.
Ω ⊂ M˜ is called a fundamental domain of M˜ if f(Ω) = M and γ(Ω) ∩ Ω = ∅, for
all γ ∈ Γ− {1}. If Ω is a fundamental domain, then
∪
γ∈Γ
γ(Ω) = M˜, f |γ(Ω) : γ(Ω)→ f(Ω) is a homeomorphism, ∀γ ∈ Γ.
If (M,F ) is forward complete, one can get a fundamental domain as follows. For
any p ∈M ,
(3.9) p 7→ Dp ⊂ TpM 7→ f∗|−1p˜ (Dp) ⊂ Tp˜M˜ 7→ expp˜(f∗|−1p˜ (Dp)) =: Ωp,
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where p˜ is an arbitrary point in f−1(p). Thus, Ωp is a fundamental domain.
On the other hand, if dm is either the Busemann-Hausdorff measure or the
Holmes-Thompson measure, then the pull-back measure f∗dm is exactly the same
kind of measure on (M˜, f∗F ). By abuse of notation, dm also denotes the pull-back
measure.
Theorem 3.3. Given any n > 1, q ≥ 1, k ∈ R, K > 0, R > 0 and δ ≥ 1, for each
ρ > 0, there exists ε = ε(n, q, k,K, δ,R, ρ) > 0 such that every forward complete
Finsler n-manifold (M,F ) with
Ric ≥ −(n− 1)k2, ΛF ≤ δ2, Kdm(q,K,R) < ε
must satisfy
diam(M) ≤ pi√
K
+ ρ.
In particular, the universal covering M˜ is compact and hence, pi1(M) is finite.
Proof. Step 1. We first estimate the diameter of M . If R > pi/
√
K, then the
theorem follows from Lemma 3.2 directly. Hence, we only need to consider the case
when R ≤ pi/√K.
Fix R > pi/
√
K arbitrarily and choose any point x ∈M . Let {B+xi(R/(1+δ))}i∈I
be a maximal disjoint family in B+x (R). Thus, {B+xi(R)}i∈I is a covering of B+x (R)
and hence,
1
m(B+x (R))
∫
B+x (R)
((n− 1)K −Ric)q+dm
≤ 1
m(B+x (R))
∑
i∈I
∫
B+xi (R)
((n− 1)K −Ric)q+dm
=
∑
i∈I
m(B+xi(R))
m(B+x (R))
1
m(B+xi(R))
∫
B+xi (R)
((n− 1)K −Ric)q+dm
≤
∑
i∈I
m(B+xi(R))
m(B+x (R))
Kdm(q,K,R)
≤
∑
i∈I
m(B+xi(R))
m(B+xi(R/(1 + δ)))
m(B+xi(R/(1 + δ)))
m(B+x (R))
Kdm(q,K,R)
≤C(n, k, δ, R)
∑
i∈I
m(B+xi(R/(1 + δ)))
m(B+x (R))
Kdm(q,K,R)
≤C(n, k, δ, R) · Kdm(q,K,R),
where
C(n, k, δ, R) := δ4n
v(n,−k2, R)
v(n,−k2, R/(1 + δ)) .
That is,
(3.10) Kdm(q,K,R) ≤ C(n, k, δ, R) · Kdm(q,K,R).
Choose ε = ε(n, q, k,K, δ,R, ρ) as defined in Lemma 3.2 and set
Kdm(q,K,R) < ε
C(n, k, δ, R)
.
Then the estimate of the diameter follows from (3.10) and Lemma 3.2.
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Step 2. Now we show that M˜ is compact. In the sequel, we use ∗˜ to denote
the geometric quantity ∗ in (M˜, f∗F ). Suppose that R > pi/√K. It follows from
Lemma 3.2 that diam(M) < (1 + δ)R. We show that K˜dm(q,K,R) is controlled by
Kdm(q,K,R), where K˜dm(q,K,R) is the integral curvature of (M˜, f∗F ).
In fact, given any point x˜ ∈ M˜ , let N denote the minimal number of the funda-
mental domains γ(Ω) covering B+x˜ (R), i.e.,
(3.11) B+x˜ (R) ⊂ ∪Ni=1γi(Ω) ⊂ B+x˜ ((2 + δ)R).
Hence,
(3.12)
m(B+x˜ (2 + δ)R)
m(B+x˜ (R))
≤ δ4n v(n,−k
2, (2 + δ)R)
v(n,−k2, R) =: C
′(n, k, δ, R).
It follows from (3.11) and (3.12) that
1
m(B+x˜ (R))
∫
B+x˜ (R)
(
(n− 1)K − R˜ic
)q
+
dm
≤ N
m(B+x˜ (R))
∫
M
((n− 1)K −Ric)q+ dm
≤C ′(n, k, δ, R) N
m(B+x˜ ((2 + δ)R))
∫
M
((n− 1)K −Ric)q+ dm
≤C
′(n, k, δ, R)
m(M)
∫
M
((n− 1)K −Ric)q+ dm = C ′(n, k, δ, R) · Kdm(q,K,R),
which implies that
(3.13) K˜dm(q,K,R) ≤ C ′(n, k, δ, R) · Kdm(q,K,R).
Let ε = ε(n, q, k,K, δ,R, ρ) defined in Lemma 3.2 and let
Kdm(q,K,R) < ε
C ′(n, k, δ, R)
.
Now (3.13) together with R˜ic ≥ −(n − 1)k2, ΛF˜ ≤ δ2 and Lemma 3.2 yields that
M˜ is compact.
For R ≤ pi/√K, one can use the same argument as in Step 1 to show that M˜ is
compact. Therefore, pi1(M) is finite. 
For a Berwald manifold, we obtain the following result by means of Petersen-
Sprouse [17].
Theorem 3.4. Given any n > 1, q > n/2, K > 0, R > 0 and δ ≥ 1, for each
ρ > 0, there exists ε = ε(n, q,K, δ,R, ρ) such that if a (forward) complete Berwald
n-manifold (M,F ) satisfies
ΛF ≤ δ2, Kdm(q,K,R) < ε,
then
diam(M) ≤ δ2
(
pi√
K
+ ρ
)
Proof. Let gˆ be the average Riemannian metric of g and let Bˆx(r) denote the
geodesic ball centered at x with radius r in (M, gˆ). For each p ∈ Bˆx(r)−{x}, there
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exists a minimal normal geodesic γ(t) (with respect to (M,F )) from x to p. In a
local coordinate system (xi), set
dm = σ · dx1 ∧ · · · ∧ dxn = h · d vol,
where d vol is the Riemannian measure of gˆ and
h(γ(t)) =
σ(γ(t))√
det g(γ(t), γ˙(t))
·
√
det g(γ(t), γ˙(t))√
det gˆ(γ(t))
.
In the following, we estimate h. Since the Levi-Civita connection of gˆ is exactly
the Chern connection of g, one can choose a gγ˙-orthnormal parallel frame field {Ei}
such that each Ei|p is the eigenvector of gˆ|p. Note that h(γ(t)) is independent of
the choice of coordinates. Denote by det g and det gˆ be the determinants of g and
gˆ w.r.t. {Ei}, respectively. It is easy to see that
det g(γ(t), γ˙(t)) = 1, δ−2n ≤ det gˆ(γ(t)) ≤ δ2n.
Then
h(γ(t)) = e−τ(γ˙(t))
√
det g(γ(t), γ˙(t))√
det gˆ(γ(t))
,
which together with Proposition 2.1 implies
(3.14) δ−3n ≤ h(γ(t)) ≤ δ3n ⇒ δ−3nd vol ≤ dm ≤ δ3nd vol,
and hence,
1
vol(B+x (R))
∫
B+x (R)
fdvol ≤ δ6n 1
m(B+x (R))
∫
B+x (R)
fdm,(3.15)
Note that Kdm(q, 0, R) ≤ Kdm(q,K,R). Thus, it follows from Theorem 4.1 that
there exists ε1 = ε1(n, q, 0, δ, R, δ
−4n/2) such that if Kdm(q,K,R) < ε1, then for
any x ∈M ,
(3.16)
m(B+x (R))
m(B+x (R/(1 + δ)))
≤ 2δ4n(1 + δ)n.
Given p ∈ M , let {B+xi(R/(1 + δ))}i∈I denote the maximal family of disjoint
forward balls in Bˆp(δR). Thus, {B+xi(R)}i∈I is a covering of Bˆp(δR). Let J (p)
denote the minimal eigenvalue of the Ricci tensor of gˆ at p ∈ M . Since (M,F )
is Berwaldian, one gets δ−2
(
(n− 1)Kδ−2 − J )
+
≤ ((n− 1)K −Ric)+. Thus, it
follows from (3.14)-(3.16) that
δ−2q
vol(Bˆp(δR))
∫
Bˆp(δR)
(
(n− 1)K
δ2
− J
)q
+
d vol
≤ δ
6n
m(Bˆp(δR))
∑
i∈I
∫
B+xi (R)
((n− 1)K −Ric)q+ dm
≤δ6n
∑
i∈I
m(B+xi(R))
m(B+xi(R/(1 + δ)))
m(B+xi(R/(1 + δ)))
m(Bˆp(δR))
Kdm(q,K,R)
≤δ6n sup
i∈I
m(B+xi(R))
m(B+xi(R/(1 + δ)))
· Kdm(q,K,R) ≤ 2δ10n(1 + δ)n · Kdm(q,K,R).
That is,
(3.17) K̂d vol(q,K/δ2, δR) ≤ 2δ10n+2q(1 + δ)n · Kdm(q,K,R),
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where K̂d vol(·, ·, ·) is the integral curvature of (M, gˆ, d vol).
According to [17, Theorem 1.1], there exists ε2 = ε2(n, p,K, δ,R, ρ) such that if
K̂d vol(q,K/δ2, δR) < ε2, then
diamgˆ(M) ≤ δ
(
pi√
K
+ ρ
)
.
Due to (3.17), we conclude the proof by choosing
ε := min
{
ε1,
ε2
2δ10n+2q(1 + δ)n
}
.

The proof of Theorem 1.1. Theorem 1.1 follows from Theorem 3.3 and Theorem
3.4 directly.
4. Appendix
In this section, we will establish a relative volume comparison by the integral
curvature. Now we recall the polar coordinate system of a Finsler manifold first.
Fix a point p ∈ M arbitrarily. Set Dp := {ty ∈ TpM : y ∈ SpM, 0 ≤ t < iy},
and Dp := expp(Dp). Thus, M = Dp unionsq Cutp (cf. [5, Prop. 8.5.2]). Now, let
r(x) := d(p, x). Then the polar coordinates at p actually describe a diffeomorphism
of Dp − {0} onto Dp\{p}, given by
(r, y) 7→ expp ry.
Now write
dm =: σˆp(r, y)dr ∧ dνp(y),
where dνp(y) is the Riemannian volume measure induced by F on SpM . According
to [23, 24, 30], one has
(A.1) ∇r|(r,y) =
∂
∂r
∣∣∣∣
(r,y)
= γ˙y(r), ∆r =
∂
∂r
log σˆp(r, y), for 0 < r < iy,
and
(A.2) lim
r→0+
σˆp(r, y)
e−τ(γ˙y(r))sn−1k (r)
= 1,
where γy(t) := expp(ty) and sk(t) is the unique solution to f
′′ + kf = 0 with
f(0) = 0 and f ′(0) = 1.
It is easy to check that (also see [25, (4.5)])
∂
∂r
H ≤ −Ric(∇r)− H
2
n− 1 , for any (r, y) ∈ Dp,
where
H(r, y) :=
∂
∂r
log
[
σˆp(r, y)e
τ(γ˙y(r))
]
=
∂
∂r
log
√
det g∇r.
Also set
Hk(r) :=
∂
∂r
log sn−1k (r).
Thus, (A.2) reads
(A.3) lim
r→0+
[H(r, y)−Hk(r)] = 0.
Inspired by [18], we have following theorem.
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Theorem 4.1. Given δ ≥ 1, q > n/2 and k ≤ 0, for α ∈ (0, δ−4n), there exists
an ε = ε(n, q, k, δ, R, α) > 0 such that any forward complete Finsler n-manifold
(M,F, dm) with
ΛF ≤ δ2, Kdm(q, k,R) < ε,
must satisfy
(A.4) α · v(n, k, r1)
v(n, k, r2)
≤ m(B
+
x (r1))
m(B+x (r2))
,
for all x ∈M and 0 < r1 ≤ r2 ≤ R.
Moreover, if additionally suppose that F is Berwaldian, then the above result still
holds without the assumption ΛF ≤ δ2, in which case α ∈ (0, 1).
Proof. Step 1. Define two functions on [0,+∞)× SpM as follows:
Ψ(r, y) :=
 (H(r, y)−Hk(r))+, if 0 ≤ r < iy, y ∈ SpM
0, if r ≥ iy,
eτ(r,y) :=
 e
τ(γ˙y(r)), if 0 ≤ r < iy, y ∈ SpM,
0, if r ≥ iy.
Thus, given y ∈ SpM , for almost every r > 0, we have
(A.5)
d
dr
[
eτ(r,y)σˆp(r, y)
sn−1k (r)
]
≤ Ψ(r, y)e
τ(r,y)σˆp(r, y)
sn−1k (r)
,
which furnishes that for all 0 ≤ t < r < +∞,
sn−1k (t) · eτ(r,y)σˆp(r, y)− sn−1k (r) · eτ(t,y)σˆp(t, y) ≤ sn−1k (r)
∫ r
0
Ψ(s, y)eτ(s,y)σˆp(s, y)ds.
Now the above inequality together with the Ho¨lder inequality yields
d
dr
[∫
B+p (r)
eτdm
v(n, k, r)
]
=
vol(Sn−1)
∫
SpM
∫ r
0
[
sn−1k (t)e
τ(r,y)σˆp(r, y)− sn−1k (r)eτ(t,y)σˆp(t, y)
]
dt dνp(y)
v(n, k, r)2
≤
vol(Sn−1) · r · sn−1k (r)
∫
SpM
∫ r
0
Ψ(s, y)eτ(s,y)σˆp(s, y)ds dνp(y)
v(n, k, r)2
≤
vol(Sn−1) · r · sn−1k (r) ·
(∫
B+p (r)
Ψ2qeτdm
)1/2q (∫
B+p (r)
eτdm
)1−1/2q
v(n, k, r)2
.
That is,
d
dr
(∫
B+p (r)
eτdm
v(n, k, r)
)
≤C1(n, k, r) ·
(∫
B+p (r)
eτdm
v(n, k, r)
)1− 12q
·
(∫
B+p (r)
Ψ2qeτdm
) 1
2q
· v(n, k, r)− 12q ,(A.6)
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where
C1(n, k, r) := max
t∈[0,r]
vol(Sn−1) · t · sn−1k (t)
v(n, k, t)
<∞.
Step 2. Now we claim that there exists C2(n, q) > 0 such that if q > n/2, then
(A.7)
∫ r
0
Ψ2qeτ(t,y)σˆp(t, y)dt ≤ C2(n, q)
∫ r
0
ρqeτ(t,y)σˆp(t, y)dt, ∀ r > 0,
where
ρ(r, y) :=
 ((n− 1)k −Ric(∇r))+, if 0 < r < iy, y ∈ SpM,
0, if r ≥ iy or r = 0.
In fact, the definition of Ψ yields that
∂
∂r
Ψ +
Ψ2
n− 1 + 2
Ψ ·Hk
n− 1 ≤ ρ, for almost every r > 0,
which implies∫ r
0
∂
∂t
Ψ ·Ψ2q−2eτ σˆpdt+ 1
n− 1
∫ r
0
Ψ2qeτ σˆpdt+
2
n− 1
∫ r
0
HkΨ
2q−1eτ σˆpdt
≤
∫ r
0
ρ ·Ψ2q−2eτ σˆpdt.(A.8)
Note that (A.3) implies Ψ(0) = 0 and Ψ ≥ 0. Thus, the first item of (A.8) together
with the definitions of H and Ψ furnishes∫ r
0
∂
∂t
Ψ ·Ψ2q−2eτ σˆpdt ≥ − 1
2q − 1
∫ r
0
Ψ2q−1(Hk + Ψ)eτ σˆpdt,
which together with (A.8) yields(
1
n− 1 −
1
2q − 1
)∫ r
0
Ψ2qeτ σˆpdt+
(
2
n− 1 −
1
2q − 1
)∫ r
0
Ψ2q−1Hk eτ σˆpdt
≤
∫ r
0
ρΨ2q−2 eτ σˆpdt.
Since q > n/2, the above inequality yields(
1
n− 1 −
1
2q − 1
)∫ r
0
Ψ2qeτ σˆpdt ≤
∫ r
0
ρΨ2q−2 eτ σˆpdt
≤
(∫ r
0
ρq eτ σˆpdt
)1/q
·
(∫ r
0
Ψ2q eτ σˆpdt
)1−1/q
,
which implies the claim (A.7) is true. Now (A.7) together with (A.6) furnishes
d
dr
(∫
B+p (r)
eτdm
v(n, k, r)
)
≤C3(n, q, k, r) ·
(∫
B+p (r)
eτdm
v(n, k, r)
)1− 12q
· (kp(q, k, r))
1
2q · v(n, k, r)− 12q ,(A.9)
where C3(n, q, k, r) := C1(n, k, r)C2(n, q)
1
2q and
kp(q, k, r) :=
∫
B+p (r)
ρqeτdm =
∫
SpM
dνp(y)
∫ r
0
ρq(t, y)eτ(t,y)σˆp(t, y)dt.
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Step 3. Now set
h(r) :=
∫
B+p (r)
eτdm
v(n, k, r)
, f(r) := C3(n, q, k, r) · (kp(q, k, r))
1
2q · v(n, k, r)− 12q .
Thus, (A.9) together with (A.2) furnishes h′ ≤ h1− 12q · f(r). Hence, for any 0 <
r1 ≤ r2 ≤ R,
2q · h 12q (r2)− 2q · h 12p (r1) ≤
∫ r2
r1
f(s)ds.
Since C3(n, q, k, r) and kp(q, k, r) are nondecreasing in r, one has∫ r2
r1
f(s)ds ≤ C3(n, q, k,R) ·
∫ R
0
v(n, k, s)−
1
2q ds · (kp(q, k,R))
1
2q .
Set
C4(n, q, k,R) :=
1
2q
C3(n, q, k,R) ·
∫ R
0
v(n, k, s)−
1
2q ds.
C4(n, q, k,R) is well-defined if q > n/2. Then we obtain
h
1
2q (r2)− h 12q (r1) ≤ C4(n, q, k,R) · (kp(q, k,R))
1
2q ,
which together with Proposition 2.1 yields
(A.10) h
1
2q (r2)− h 12q (r1) ≤ C4(n, q, k,R) ·
(
δ2n · Kp,dm(k, q, R)
) 1
2q ,
where
Kp,dm(k, q, R) :=
∫
B+p (R)
((n− 1)k −Ric(x))q+ dm(x)
Step 4. It is not hard to see that (A.10) implies(
v(n, k, r1)
v(n, k, r2)
) 1
2q
−
(∫
B+p (r1)
eτdm∫
B+p (r2)
eτdm
) 1
2q
≤C4(n, q, k,R) · δn/q · Kp,dm(k, q, R) 12q ·
(
v(n, k, r1)
v(n, k, r2)
) 1
2q
·
(
v(n, k, r2)∫
B+p (r2)
eτdm
) 1
2q
,
which together with Proposition 2.1 furnishes
(A.11) δ−4n(1− c)2q v(n, k, r1)
v(n, k, r2)
≤ m(B
+
p (r1))
m(B+p (r2))
,
where
(A.12) c := C4(n, q, k,R) · δn/q · Kp,dm(k, q, R) 12q ·
(
v(n, k, r2)∫
B+p (r2)
eτdm
) 1
2q
.
In order to estimate c, we use (A.10) again (r2 → R, r1 → r2) and obtain(
v(n, k, r2)∫
B+p (r2)
eτdm
) 1
2q
≤
(∫B+p (R) eτdm
v(n, k,R)
) 1
2q
− C4(n, q, k,R) · δn/q · Kp,dm(k, q, R) 12q
−1
≤
(
v(n, k,R)∫
B+p (R)
eτdm
) 1
2q (
1− C4(n, q, k,R) · v(n, k,R) 12q · δ2n/q · K
1
2q
dm(k, q, R)
)−1
.
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Hence, there exists an ε1 = ε1(n, q, k, δ, R) > 0 such that if Kdm(k, q, R) < ε1, then
(A.13)
(
v(n, k, r2)∫
B+p (r2)
eτdm
) 1
2q
≤ 2
(
v(n, k,R))∫
B+p (R)
eτdm
) 1
2q
.
On the other hand, by (A.12), (A.13) and Proposition 2.1, we can choose ε2 =
ε2(n, q, k, δ, R, α) > 0 such that if Kdm(k, q, R) < ε2,
(A.14) c ≤ C5(n, q, k,R) · δ2n/q · ε
1
2q
2 ≤ 1− α
1
2q δ
2n
q ,
where C5(n, q, k,R) := 2C4(n, q, k,R) · v(n, k,R)1/(2q). Choosing ε := min{ε1, ε2},
we obtain (A.4) by (A.11) and (A.14) directly.
Step 5. Now additionally suppose that F is Berwaldian. It follows from [22] that
the S-curvature of dm always vanishes, which implies that the distortion τ(γ˙y(r))
only depends on y. In particular, we have
H =
∂
∂r
log
[
σˆp(r, y)e
τ(γ˙y(r))
]
=
∂
∂r
log σˆp(r, y).
Now we extend σˆp by setting σˆp(r, y) := 0 if r ≥ iy. Thus, (A.5) yields that, given
y ∈ SpM , on almost every r > 0
d
dr
[
σˆp(r, y)
sn−1k (r)
]
≤ Ψ(r, y) σˆp(r, y)
sn−1k (r)
.
The same argument yields the result. 
Remark 2. Theorem 4.1 can be extended to any measure if the assumption ΛF ≤
δ2 is replaced by a ≤ τ ≤ b.
We note that one can obtain some precompactness theorems and finiteness the-
orems in the Finsler setting by Theorem 4.1. We leave these statements to the
interested reader.
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